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 Abstract. This paper demonstrates the application of the inverse 
problem for calculating diffusion coefficient distribution into a 
porous cylindrical sample in a one-dimensional case. The work 
mainly aims to adapt a well-known diffusion equation with boundary 
conditions to obtain humidity profiles experimentally in porous 
samples. Empirical equations for diffusion coefficients according to 
humidity distribution are also reviewed. The main focus of this paper 
is concentrated on the proper interpretation of water vapour 
diffusion in coordinate and time dependencies. For this reason, the 
averaged quantities are introduced. 

Keywords: porous media; inverse problem; water vapour diffusion; 
computation methods. 

 

INTRODUCTION 

Investigation of concrete ceramics is essential for 
understanding humidity migration into the po-
rous media according to the classical behaviour 
of sorption isotherms or retention and drainage 
curves. It is well known [1] that the behaviour of 
the sorption curve according to experimental da-
ta [2] is reminded of the well-known Type IV 
sorption isotherms described by [4]. Also, work 
[1] demonstrated how the structural parameters 
of a porous body can be obtained according to 
drainage or retention curves. The primary pur-
pose of this work refers to the calculation of dif-
fusion properties of the water vapour component 
of the gas mixture in the porous sample of con-
crete-like composite ceramic under the condition 
that experimental data [2, 3] for distribution of 
water saturation corresponding to the pore satu-
ration by liquid at isothermal condition is known 

from experimental or computer simulation data. 
This method, which refers to inverse mathemati-
cal problems, is first defined by the works [5, 6, 
7] and classified as an ill-posed problem. Their 
solution does not satisfy the general require-
ments of existence, uniqueness and stability un-
der small input data changes [8]. The inverse 
method has been used successfully to determine 
the thermal conductivity in heat conduction 
problems [9, 10]. Since the governing equations 
for heat conduction and moisture diffusion are 
the same, it is only natural to use the same pro-
cedure to investigate the diffusion coefficients in 
the cellular concrete ceramic's moisture resorp-
tion or desorption process. In all cases, the gov-
erning equations must be correctly formulated, 
and boundary and initial conditions must be used 
to fully describe the diffusion processes at the 
fixed external conditions into the environment. 
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Investigation object. Let's consider the porous 
cylindrical sample (Figure 1) of the height ℎ, 
which is prepared on the base of cellular con-
crete. The sample was immersed in water until 
equilibrium hydration was reached under nor-
mal conditions. 

 

Figure 1 – Schematic representation of convective 
drying of the porous cylindrical sample 

 

The lower plate surface of the cylindrical sample 
is tight and placed on the horizontal thermostat 
plate with a fixed temperature equal to the same 
value as the temperature of the ambient envi-
ronment. The corner of the sample is wrapped in 
foil to prevent mass and heat transfer through 
the cylindrical surface. The upper surface is ap-
plied to the conditions of convective drying with 
a fixed value of the velocity of surface flows 
formed by hot air. 

 

RESULTS AND DISCUSSION 

Diffusion equation introduction 

According to work [5, 6], the differential equation 
which describes the desorption or resorption 
phenomena into a porous sample of the water 
vapour component of the gas mixture in terms of 
a one-component linear diffusion problem at iso-
thermal conditions may be represented in the 
form. 

𝜕𝐶𝜈(𝑧, 𝑡)

𝜕𝑡
= 

=
𝜕

𝜕𝑧
(𝐷(𝐶𝜈; 𝜙, 𝜏)

𝜕𝐶𝜈(𝑧,𝑡)

𝜕𝑧
) (0 < 𝑧 < ℎ, 𝑡 > 0), (1) 

where 𝐶𝜈(𝑧, 𝑡) is the linear concentration of wa-
ter vapour along 𝑧axis under (Figure 1) condi-
tions of earth gravity, 𝐷(𝐶𝜈; 𝜙, 𝜏) is the varying in 
the coordinate 𝑧 and time 𝑡diffusion coefficient of 

water vapour in the porous sample, 𝜙 and 𝜏 are 
the averaged porosity and touristy of the perme-
able body, ℎ is the height of the porous sample. 

Let the initial conditions be  

𝐶𝜈(𝑧, 𝑡) = 𝐶𝜈
0 (0 "𝑧" ℎ, 𝑡 = 0) 

and boundary conditions look like 

𝐷(𝐶𝜈; 𝜙, 𝜏)
𝜕𝐶𝜈(𝑧, 𝑡)

𝜕𝑧
= 

= 𝛼[𝐶𝜈
𝑒𝑛𝑣 − 𝐶𝜈(𝑧, 𝑡)](𝑧 = ℎ, 𝑡 ≥ 0), 

where 𝛼is the mass transfer coefficient, also 
named surface emission [7], 𝐶𝜈

0 and 𝐶𝜈
𝑒𝑛𝑣are val-

ue of initial and external concentration of water 
vapor into ambient environment.  

 

We assume that mass transfer under isothermal 
conditions may occur only in the radial direction 
perpendicularly to the sample's upper or lower 
horizontal surfaces (Figure 1). 

We are considering the porous body as a compo-
nent media consisting of the porous skeleton as a 
solid phase, non-adsorbed free water and a two-
component gas mixture of water vapour and dry 
air into the porous space of the rigid skeleton. At 
this assumption, we can review [11, 12] the con-
centration of water vapour in porous media as a 
function of liquid pore saturation by relation 
 

𝐶𝜈 = 𝜙(1 − 𝜂𝑊)𝜌𝜈
𝐺 ,    (2) 

where 𝜌𝜈
𝐺 = 𝑝𝜈𝑀𝜈 𝑅𝑇⁄  and 𝑝𝜈 = 𝜑𝑝𝜈𝑠(𝑇) are 

density and partial pressure of water vapour into 
the gas phase here 𝑝𝜈𝑠(𝑇) is saturated water va-
pour pressure as a function only of thermody-
namic temperature and 𝜑is relative humidity of 
dry air in a porous sample.  

 

We assume that the pore saturation by liquid 
𝜂𝑊 = 𝜂𝑊(𝜑, 𝑇) is depends only on relative hu-
midity and thermodynamic temperature. So, in 
general, we may represent the water vapour 
concentration in the form of a relation. 
 

𝐶𝜈 = 𝐶𝜈(𝜂𝑊) = 𝐶𝜈(𝜑, 𝑇).   (3) 
 

Below is the equal transformation of relation (2) 
according to assumed (3) assumption, which let's 
define 
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𝐶𝜈 = 𝜙[1 − 𝜂𝑊(𝜑, 𝑇)]
𝑝𝜈𝑠𝑀𝜈(𝑇)

𝑅𝑇
𝜑.  (4) 

 

Also, it follows from Daltone's [12] law what 
𝜌𝐺 = 𝜌𝜈

𝐺 + 𝜌𝑎
𝐺 , here 𝜌𝐺  is the gas phase density as 

a two-component non, non-interacted ideal mix-
ture of water vapour and dry air. As was men-
tioned 

𝜌𝐺 =
1

𝑅𝑇
[𝜑𝑝𝜈𝑆(𝑇)𝑀𝜈 + {𝑃𝐺 − 𝜑𝑝𝜈𝑆(𝑇)𝑀𝑎}],   (5) 

here 𝑀𝜈 and 𝑀𝑎 are the constant molar mass of 
water vapor and dry air in gas mixture. 

 

It follows from above. 

𝜌𝜈 = 𝜑𝑝𝜈𝑆(𝑇)𝑀𝜈 𝑅𝑇⁄    (6) 

and  

𝜌𝑎 = (𝑃𝐺 − 𝜑𝑝𝜈𝑆(𝑇)𝑀𝑎) 𝑅𝑇⁄ ,  (7) 

here 𝜌𝜈 and 𝜌𝑎  are the partial densities of com-
ponents of gas mixture. 

 

Local averaging method 

Accordingly to the method of local spatial averag-
ing [13], let's define the total physical volume of 
averaging as 

𝛥𝑉𝑆𝑃𝐿 = 𝛥𝑉𝑆 + 𝛥𝑉𝑊 + 𝛥𝑉𝐺 ,   (8) 

where 𝛥𝑉𝑆𝑃𝐿 is the elementary volume of averag-
ing known as R.E.V (Representative Elementary 
Volume), 𝛥𝑉𝜎, here 𝜎 = {𝑆, 𝐿, 𝐺} is the index of 
solid (S) as a hard skeleton, liquid (L) as water 
and (G) as gas phases.  

 

From relation (8), we can define local volumetric 
porosity as 

𝜙 = 1 −
𝛥𝑉𝑆

𝛥𝑉𝑆𝑃𝐿
=

𝛥𝑉𝑊+𝛥𝑉𝐺

𝛥𝑉𝑆𝑃𝐿
.   (9) 

 

Also, relative to (9), we can introduce the volume 
pores saturation by liquid and gas via relations. 

 

𝜂𝑊 =
𝛥𝑉𝑊

𝛥𝑉𝑊+𝛥𝑉𝐺
=

𝛥𝑉𝑊

𝜙𝛥𝑉𝑆𝑃𝐿
  

and 𝜂𝐺 =
𝛥𝑉𝐺

𝛥𝑉𝑊+𝛥𝑉𝐺
=

𝛥𝑉𝐺

𝜙𝛥𝑉𝑆𝑃𝐿
   (10) 

in such way that equality 𝜂𝑊 + 𝜂𝐺 = 1 is satis-
fied. 

It is not hard to estimate that due to relation (9)-
(10), we can represent the local quantity for the 
volumetric concentration of water in pores as: 

 

𝛥𝐶𝑊 =
𝛥𝑚𝑊

𝛥𝑉𝑆𝑃𝐿
=

𝜌𝑊𝛥𝑉𝑊

𝛥𝑉𝑆𝑃𝐿
= 𝜙𝜌𝑊𝜂𝑊,  (11) 

here 𝜌𝑊 is constant density of water into the in-
compressible state. From the last relation, the 
local concentration of the gas phase takes a simi-
lar form. 

 

𝛥𝐶𝐺 = 𝛥𝐶𝜈 + 𝛥𝐶𝑎 =
𝛥𝑚𝐺

𝛥𝑉𝑆𝑃𝐿
=

𝛥𝑚𝜈+𝛥𝑚𝑎

𝛥𝑉𝑆𝑃𝐿
=

𝜌𝐺𝛥𝑉𝐺

𝛥𝑉𝑆𝑃𝐿
= 𝜙𝜌𝐺𝜂𝐺 .    

 

Because 𝜌𝐺 = 𝜌𝜈
𝐺 + 𝜌𝑎

𝐺  and 𝜂𝑊 + 𝜂𝐺 = 1the 
equality (11) gives us the concentration of gas 
mixture component by the following relations 

 

𝛥𝐶𝜈 =
𝛥𝑚𝜈

𝛥𝑉𝑆𝑃𝐿
=

𝜌𝜈𝛥𝑉𝐺

𝛥𝑉𝑆𝑃𝐿
= 𝜙(1 − 𝜂𝑊)𝜌𝜈

𝐺   (12) 

and 

𝛥𝐶𝑎 =
𝛥𝑚𝑎

𝛥𝑉𝑆𝑃𝐿
=

𝜌𝑎𝛥𝑉𝐺

𝛥𝑉𝑆𝑃𝐿
= 𝜙(1 − 𝜂𝑊)𝜌𝑎

𝐺 , (13) 

where 𝜌𝜈
𝐺 = 𝑝𝜈 𝑀𝜈 𝑅⁄ 𝑇 and 𝜌𝑎

𝐺 = 𝑝𝑎 𝑀𝑎 𝑅⁄ 𝑇 is 
the partial density of water vapour and dry air in 
the gas mixture.  

 

If isobaric conditions is satisfied, we can assume 
𝛥𝑉𝜈 = 𝛥𝑉𝑎 = 𝛥𝑉𝐺, so the volume concentration 
of water vapour can introduced as 

 

𝛥𝐶𝜈 = 𝜙(1 − 𝜂𝑊)𝜌𝜈
𝐺  

= 𝜙(1 − 𝜂𝑊)
𝑝𝜈𝑠(𝑇)𝑀𝜈

𝑅𝑇
𝜑,     (14) 

here 𝑝𝜈 = 𝜑𝑝𝜈𝑆
(𝑇)is a well-known relation, 

where 𝑝𝜈𝑆
(𝑇) is the water vapour saturation 

pressure, and 𝜑 is the local quantity of relative 
humidity. 

 

Comparing (12) with (3), we conclude that local 
value concentration has been defined previously 
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properly or correctly. So, given the difference 
from equal equations (4, 13), we receive rela-
tions. 

𝜕𝐶𝜈

𝜕𝑧
= 𝜙

𝑝𝜈𝑠(𝑇)𝑀𝜈

𝑅𝑇
{[1 − 𝜂(𝜑)] − 𝜑

𝜕𝜂

𝜕𝜑
}

𝜕𝜙

𝜕𝑧
−

𝜙[1 − 𝜂(𝜑)]
𝑀𝜈

𝑅𝑇
{𝑝𝜈𝑠(𝑇) − 𝑇

𝜕𝑝𝜈𝑠(𝑇)

𝜕𝑇
}

𝜑

𝑇

𝜕𝑇

𝜕𝑧
,    (15) 

here 𝑧 is the coordinate into the above-
mentioned differential form. 

 

Negligible the last part differences in the equa-
tion above under isothermal condition we obtain 

𝜕𝐶𝜈

𝜕𝑋
= 𝜙 {[1 − 𝜂(𝜑)] − 𝜑

𝜕𝜂

𝜕𝑋
}

𝑝𝜈𝑠(𝑇)𝑀𝜈

𝑅𝑇

𝜕𝜙

𝜕𝑋
. (16) 

where the non-isothermal condition is consid-
ered, it is possible to represent equation (15) in 
the more general form 

 

𝜕𝐶𝜈(𝑧,𝑡)

𝜕𝑡
= 𝐷𝜙(𝜙, 𝑇)

𝜕𝜙(𝑧,𝑡)

𝜕𝑧
+

𝑘𝑇(𝜙,𝑇)

𝑇

𝜕𝑇(𝑧,𝑡)

𝜕𝑧
,  (14) 

where 

 𝐷𝜈(𝜙, 𝑇) = 𝜙
𝑝𝜈𝑠(𝑇)𝑀𝜈

𝑅𝑇
{[1 − 𝜂(𝜑)] − 𝜑

𝜕𝜂(𝜑)

𝜕𝜑
}  

and 

 𝑘𝑇(𝑧, 𝑡) = 𝜙[1 − 𝜂(𝜑)]
𝑀𝜈

𝑅𝑇
{𝑝𝜈𝑠(𝑇) −

𝑇
𝜕𝑝𝜈𝑠(𝑇)

𝜕𝑇
}𝜑  

is the mentioned in (14) moisture diffusivity and 
thermo diffusion coefficient, respectively, in the 
case of the water vapour density slowly varying 
with temperature or, in other words, far from the 
temperature of phase transition. 

 

General equations formulation 

In general, under isothermal conditions, we may 
collect necessary relations [5, 6] for resolving a 
one-dimensional inverse problem in terms of wa-
ter vapour concentration as a component of a gas 
mixture in such way: 

I. Diffusion equation 

𝜕𝐶𝜈(𝑧, 𝑡)

𝜕𝑡
=

𝜕

𝜕𝑧
(𝐷(𝐶𝜈; 𝜙, 𝜏)

𝜕𝐶𝜈(𝑧, 𝑡)

𝜕𝑧
) 

(0 ⩽ 𝑧 ⩽ ℎ);     (15) 

II. Boundary conditions 

𝜕𝐶𝜈(𝑧,𝑡)

𝜕𝑧
= 0 (𝑧 = 0, 𝑡 ⩾ 0);   (16) 

𝐷(𝐶𝜈; 𝜙, 𝜏)
𝜕𝐶𝜈(𝑧,𝑡)

𝜕𝑧
= 𝛼(𝐶𝜈

𝑒𝑞𝑣 − 𝐶𝜈). (𝑧 = ℎ, 𝑡 ⩾ 0 

III. Initial conditions 

𝐶𝜈 = 𝐶𝜈
0 (0 ⩽ 𝑧 ⩽ ℎ, 𝑡 = 0),  (17) 

 

May be considered as far as possible to possibili-
ties: 1. 𝐶𝜈

𝑒𝑞𝑣 > 𝐶𝜈  is the desorption case; 2. 
𝐶𝜈

𝑒𝑞𝑣 < 𝐶𝜈 is the sorption case, where𝐶𝜈
𝑒𝑞𝑣 is the 

concentration of water vapour in the ambient 
environment, 𝐶𝜈

0 is the corresponding to initial 
concentration at the zero time moment. 

 

Empirical equations for diffusion coefficients 

Let's focus on the known expressions in the liter-
ature [14, 15] for diffusion coefficients, which 
may be applied to the abovementioned relations 
(15). According to the ground of molecular-
kinetic theory [14], the effective coefficient of 
molecular diffusion for water vapour or dry air in 
porous non-saturated media depends not only on 
the structural parameters of the material but al-
so, according to [15] equation on temperature 
and dynamical viscosity components of the gas 
mixture. The works [16,17] review a half empiri-
cal relation for such diffusion coefficient in a two-
component mixture's standard temperature and 
total pressure interval. It can also be applied to 
describing the drying process under convective 
conditions. 

For illustration of transport properties of water 
vapour or dry air in the porous sample, the clas-
sical Burger [19] diffusion coefficient is used by 
the following expressions 

 

𝐷𝑃 =
𝜃(𝑧,𝑡)𝛼

𝑘−𝜃(𝑧,𝑡)𝛼(𝑘−1)
𝐷𝛼

𝛽
,   (18) 

where 𝐷𝑃 is diffusion coefficient of 𝛼-component 

into the porous skeleton and 𝐷𝛼
𝛽

 is mutual diffu-
sion coefficient for 𝛼-component of the mixture 
(𝛼 = 𝜈 is water vapour) into a 𝛽-component of 
the mix (𝛽 = 𝑎 is dry air) accordingly,𝜃𝛼  is the 
volume fraction of diffusion components, and 𝑘 is 
the constant structure parameter, so the diffu-
sion coefficient looks like 
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𝐷(𝑧, 𝑡) =
1

𝜏
𝐷𝑃 =

1

𝜏
𝑓𝑠𝐷𝜈

𝑎 ,   (19) 

where 

𝑓𝑠 = ⟨𝜑⟩(1 − 𝜂𝐿) [𝜅 − ⟨𝜑⟩(1 − 𝜂𝐿)(1 − 𝜅)]⁄  

is a correction to diffusion joined with wetting of 
pores, 𝐷𝜈

𝑎 is the diffusion coefficient of water va-
pour in dry air, 𝜏 is the tortuosity factor and 𝜅is 
an unknown parameter which characterizes the 
properties of the porous material. 

According to the [20] model, it is possible also 
define the effective diffusion coefficient 𝐷𝑃 for 𝛼-
component in the pore of investigated material 
as 

 

𝐷𝑃 =
𝜃𝛼

10 3⁄

⟨𝜑⟩2
𝐷𝛼

𝛽
,    (20) 

here 𝐷𝛼
𝛽

 is the coefficient of mutual diffusion for 
𝛼-component (water vapour) into 𝛽-component 
(dry air) and 𝜃𝛼  is the volume fraction of 𝛼-
component for diffusion, from it is follows 

 

𝐷𝑃 = ⟨𝜑⟩4 3⁄ (1 − 𝜂𝐿)
10 3⁄ 𝐷𝜈

𝑎,   (21) 

here 𝐷𝜈
𝑎 is the mutual diffusion coefficient of wa-

ter vapor into the dry air. 

 

Relative velocity of gas mixture component 𝑢𝜈
𝑥 

and 𝑢𝑎
𝑥 according to the definition of molecular 

Fick's [18] diffusion flow, changing during po-
rous material wetting is also essential. So, for 
components of a gas mixture on the cross surface 
of porous material by meaning [20] (20) diffu-
sion coefficient, it is possible to select the effec-
tive constituent of diffusion 𝐷𝑆

𝜈 and 𝐷𝑆
𝑎 for water 

vapour (𝜈) and dry air (𝑎) components accord-
ingly. In such case 

 

𝐷(𝑧, 𝑡) =
1

𝜏
𝐷𝑃 ≡ 𝐷𝜈̄ ≡ 𝐷𝑎̄ ,   (22) 

𝐷𝜈̄ =
⟨𝜑⟩

𝜏
𝐷𝑃

𝜈, 𝐷𝑎̄ =
⟨𝜑⟩(1−𝜂𝐿)

𝜏
𝐷𝑃

𝑎,  (23) 

where 
1 − 𝜂𝐿⬚

10 3⁄ 𝐷𝜈
𝑎

𝐷𝑃
𝜈 = ⟨𝜑⟩1 3⁄

 and 
1 − 𝜂𝐿⬚

7 3⁄ 𝐷𝜈
𝑎

𝐷𝑃
𝑎 = ⟨𝜑⟩1 3⁄

  

is constituted of diffusion coefficient by water 
vapour (𝜈) and dry air (𝑎) into the dewy porous 
material. 

The empirical approaches corresponding to 
mathematical relations (19) and (23) unfortu-
nately can not describe the entire distribution of 
diffusivity in the coordinate 𝑧 and time 𝑡 in the 
case of when the dynamic changes of humidity 
𝜑 = 𝜑(𝑧, 𝑡), temperature 𝑇 = 𝑇(𝑧, 𝑡) or pressure 
𝑃𝐺 = 𝑃𝐺(𝑧, 𝑡) Profile in porous media is known 
from experimental data or obtained from numer-
ical simulations. So, resolving the inverse prob-
lem to get the diffusion coefficient distribution in 
the porous sample is one of the main essential 
methods to determine the diffusivity properties 
of the investigated porous material. We will con-
sider the necessary steps to mathematically re-
solve the inverse diffusion problem in the follow-
ing sections of this paper. 

 

Numerical approaches for finite difference method 

The main idea introduced by the works [5-7] in 
the inverse method is searching for diffusion co-
efficients in equations (15-17). It consists of the 
numerical resolution of the differential equation 
(15) using the finite difference method.  

For this purpose, let half specimen heath of ℎ to 
be discretized with mesh with 𝛥𝑧in the space and 
𝛥𝑡 in the time direction with grid points for co-
ordinate 𝛥𝑧𝑗 = 𝑗𝛥𝑧(where 𝑗 = 0,1, . . . , 𝑛) and 

time 𝑡𝑖 = 𝑖 ∗ 𝛥𝑡(where 𝑖 = 0,1,2, . ..). The proce-
dures described below will assume that 
𝐶𝜈(𝑧, 𝑡)are known at grid points {𝑧𝑗, 𝑡𝑖}.  

According to the finite difference method, the 
numerical solution of the diffusion equation (15) 
in the matrix form looks like 
 

𝐴𝑑 = 𝑏,     (24) 

where 𝐴 is the three-diagonal square matrix 

 

𝐴 =

[
 
 
 
 
 
 
𝑎0,0

𝑎1,0

.

.

.

.

.

 

𝑎0,1

𝑎1,1

.

.

.

.

.

 

.
𝑎2,1

.

.

.

.

.

 

.

.

.

.

.

.

.

 

.

.

.

.

.
𝑎𝑛−1,𝑛−2

.

 

.

.

.

.

.
𝑎𝑛−1,𝑛−1

𝑎𝑛,𝑛−1

 

.

.

.

.

.
𝑎𝑛−1,𝑛

𝑎𝑛,𝑛 ]
 
 
 
 
 
 

   (25) 
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also 𝑑 =

[
 
 
 
 
 
𝑑0

.

.

.

.
𝑑𝑛]

 
 
 
 
 

and 𝑏 =

[
 
 
 
 
 
𝑏0

.

.

.

.
𝑏0]

 
 
 
 
 

  

are the vectors of unknown diffusion coefficient 
values and time derivatives from water vapour 
concentrations. 

a. At the upper surface greed point with 𝑧 = 𝑧0 
and 𝑡 = 𝑡̄we have 

𝑎0,0 = [
2𝐶𝜈(𝑧0,𝑡̄) −

3𝐶𝜈(𝑧1,𝑡̄) + 𝐶𝜈(𝑧2,𝑡̄)
] 𝛥⁄ 𝑧2, 

𝑎0,1 = [−𝐶𝜈(𝑧0,𝑡̄) + 𝐶𝜈(𝑧1,𝑡̄)] 𝛥⁄ 𝑧2, (26) 

𝑏0 = [
𝐶𝜈(𝑧0,𝑡̄ + 𝛥𝑡) −

𝐶𝜈(𝑧0,𝑡̄ − 𝛥𝑡)
] 2⁄ 𝛥𝑡; 

 

b. At the internal grid point with 

𝑧 = 𝑧𝑗(0 < 𝑗 < 𝑛) and 𝑡 = 𝑡̄we have  

𝑎𝑗,𝑗−1 = [𝐶𝜈(𝑧𝑗−1, 𝑡̄) − 𝐶𝜈(𝑧𝑗+1, 𝑡̄)] 𝛥⁄ 𝑧2, 

𝑎𝑗,𝑗 = 4 [
𝐶𝜈(𝑧𝑗+1, 𝑡̄) −

2𝐶𝜈(𝑧𝑗 , 𝑡̄) + 𝐶𝜈(𝑧𝑗−1, 𝑡̄)
] 𝛥⁄ 𝑧2,       (27) 

𝑎𝑗,𝑗+1 = [
𝐶𝜈(𝑧𝑗+1, 𝑡̄) −

𝐶𝜈(𝑧𝑗−1, 𝑡̄)
] 𝛥⁄ 𝑧2, 

𝑏𝑗 = 2 [
𝐶𝜈(𝑧𝑗, 𝑡̄ + 𝛥𝑡) −

𝐶𝜈(𝑧𝑗 , 𝑡̄ − 𝛥𝑡)
] 𝛥⁄ 𝑡; 

 

c. At the lower grid point with 𝑧 = 𝑧𝑛 and 𝑡 =
𝑡̄we have 

𝑎𝑗,𝑗 = 2 [
𝐶𝜈(𝑧𝑛−1, 𝑡̄) −

𝐶𝜈(𝑧𝑛, 𝑡̄)
] 𝛥⁄ 𝑧2,  (28) 

𝑏𝑛 = [
𝐶𝜈(𝑧𝑛, 𝑡̄ + 𝛥𝑡) −

𝐶𝜈(𝑧𝑛, 𝑡̄ − 𝛥𝑡)
] 2⁄ 𝛥𝑡. 

 

As was mentioned in works [6, 7], the small 
changes in vector 𝑏 may result in significant 
changes in the numerical solutions by finite-
difference equations (25-27) depending on the 
degree of the ill-conditioning property of the 
three-diagonal matrix (24). Therefore, accurate 
data generation can not be overemphasized 
when applying the inverse technique. 

The input data for the computation of the inverse 
diffusion problem 

The works [3] obtained the primary experi-
mental data for the classical building material, 
cellular concrete ceramic. The experimental or 
numerical results have been determined in the 
porous cylindrical (Figure1) sample of height 
ℎ = 0.01[𝑚] with averaged porosity 𝜙 = 0.70 
and tortuosity factor 𝜏 = 4 under averaged (Fig-
ure 2, right image) constant temperature 𝑇 =
301.5(𝐾). The external environment outside the 
sample was supported by continuous room tem-
perature 𝑇𝑎𝑚𝑏 = 320.15[𝐾] and normal ambient 
𝑃𝐺 = 101325[𝑃𝑎] atmospheric pressure. For 
numerical simulation in the work [3] on the up-
per surface, it was suggested to put the constant 
mass 𝛼 = 0.015[𝑚 𝑐⁄ ] and heat (𝛽 =
15[𝑊 (𝑚2𝐾)⁄ ]) transfer coefficients by the men-
tioned numbers under ideal (𝜑 = 0|𝑧 → ∞) dry-
ing conditions.  

Let's review (Figures 2 and 3) the computer sim-
ulation results of heat and mass transfer due to 
work [3] under convective drying conditions of 
the horizontal cylindrical porous sample pre-
pared on the base of cellular concrete ceramic. 

 

 

Figure 2 – Depiction of computer simulation results 
for cellular concrete, ceramic cylindrical sample in 
terms of pore saturation by liquid (left image) and 
temperature (right image) as a function of sample 

height 
 

As depicted (Figure 2, left image), the classic ex-
ample of pore saturation by a liquid relative to 
the sample height was received, not critical 
change temperature (Figure 2, right image) pro-
file under drying conditions. The gas pressure 
profile was also reproduced during computer 
simulation [3] (Figure 3). 

It follows from such results of computer simula-
tion of the drying process that the thermodynam-
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ic state of the gas mixture can be reviewed under 
near isothermal and isobaric conditions, so de-
pendencies. 

 

𝑇 = 𝑇(𝑧, 𝑡) and 𝑃𝐺 = 𝑃𝐺(𝑧, 𝑡), in general, can be 
neglected.  

Of course, work [3] has resolved a more general 
problem [11, 12] when the diffusion equation 
describes moisture and temperature transport. 
The limitation of using such equations [12], 
which are similar from a mathematical point of 
view, is the correct definition of heat sources and 
evaporation rate.  

 

 

Figure 3 – Depiction of computer simulation results 
for cellular concrete and ceramic cylindrical samples 

regarding gas pressure as a function of sample 
height 

 

Because it is outside of this paper, we may as-
sume that the same dependence of pressure for 
gas mixture exists due to the evaporation of wa-
ter into the pores of the sample. Still, the changes 
in pressure, as shown in Figure 3, are not essen-
tial for the mentioned porous material under 
convective drying conditions. The thermal effects 
due to evaporation, which are reviewed in work 
[3] not only as a source of heat but also as by hy-
dration or dehydration enthalpy change is also 
neglected in this paper according to an assump-
tion that main transport (Figure 2) on the body 
surface is moisture diffusion. 

The main distribution (Figure 2, left image) ob-
tained during the described work [3] computer 

simulation can be transmitted to the form of rela-
tion (Figure 4, it is the second curve from the left 
side of the selected material) between pore satu-
ration by liquid 𝜂𝐿 and effective radius 𝑟̄ of pores 
(𝜂𝐿 = 𝜂𝐿(𝑟̄) as depicted below. 

 

 

Figure 4 – Depiction of computer simulation results 
for cellular concrete, ceramic cylindrical sample in 

terms of gas pressure as a function of sample height 

 

here 𝑟̄ = 1 𝑅1⁄ + 1 𝑅2⁄  is defined by radii 𝑅1and 
𝑅2to the averaged meniscus between the water 
and gas phase in radial and tangential directions 
[4] correspondingly) from which we can obtain 
by [4] relation 𝜙 = 𝑒𝑥𝑝[−(𝑀𝜈𝜌𝐿𝑅𝑇) (2𝜎 𝑟⁄ )⁄ ] 
more general dependence 𝜂𝐿 = 𝜂𝐿(𝜙) as it's de-
picted below. 

 

 

Figure 5 – The central dependence of pore liquid 
saturation by water from the relative humidity of dry 

air and air-gas mixture 

 

Using the first good approximation by the rela-
tion 

𝑎0(1 − 𝑥) + 𝑏0 (1 − 𝑥)⁄ + 𝑐0 (1 − 𝑥)2⁄ +
𝑑0 (1 − 𝑥)4⁄      (29) 

where 𝑎0 = −0.015, 𝑎0 = 0.015, 𝑏0 =
0.000001and 𝑑0 = 0.0000001 is the constant 
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numerical parameter we can reproduce (Fig-
ure 2, left image) corresponding to the coordi-
nate (Figures 6 and 7) relation for the distribu-
tion of pore saturation by liquid. 

 

 

Figure 6 – Dependence of pore liquid saturation by 
water from a height of porous sample 

 

 

Figure 7 – Dependence of pore liquid saturation by 
water from time of drying at various horizontal 

surfaces of the porous sample according to 
coordinate greed points 

 

It is important to remark that the initial value of 
pore saturation by liquid is not essential for the 
numerical solution of inverse problems. So, the 
same mistake in the approximation relation (29) 
is possible (Figure 1) within reason. 

From obtained via experimental or numerical 
data [3] approximation (29), it is easy to estimate 
averaged over time and coordinate graphs ac-
cording to the procedure of discretization in the 
time 𝛥𝑡 = 30(min) and space 𝛥𝑧 = 0.01(m) in-
tervals. 

 

Figure 8 – Dependence of averaged by time pore 
saturation by liquid on the time-space greed 

 
Figure 9 – Dependence of averaged by coordinate 
pore saturation by liquid on the coordinate space 

coor greed 

 

Numerical analysis of experimental data 

From the experimental or numerical simulation 
data [3] (Figure 3), we also can obtain what, av-
eraged by the height of the sample, the total 
pressure of the gas mixture (Figure 10) really can 
not change significantly. 

 

 

Figure 10 – Changes averaged by the height of 
sample total pressure during the drying process 
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So, under usage, the average value of total pres-
sure 𝑃𝐺 = 101672[𝑘𝑃𝑎] we have, according to 
(12)-(13), the following graphical dependencies 
(Figures 11 and 12) for the concentration of wa-
ter vapour and dry air in the porous sample, 
which follows from the essential known depend-
ence (Figure 5) of pore saturation by liquid from 
relative humidity. 

As depicted in Figures 11 and 12 below, there is a 
natural behaviour of dependencies according to 
which the concentrations of water vapour in-
crease and dry air decreases with a magnification 
of relative humidity. Let's denote that in the vi-
cinity close to the saturation value of relative 
humidity, the concentration of water vapour is 
decreasing strongly, which may be due to pro-
cesses of condensation of water vapour. 
 

 

Figure 11 – Concentration of water vapour as a 
function  of relative humidity 

 

Figure 12 – Concentration of dry air as a function  
of relative humidity 

 

Based on the general dependence (Figure 5) with 
the usage of experimental data and approxima-
tion by relation (29), we can illustrate the theo-
retical approaches for diffusion coefficients into 
the [19] ((18)-(19)) or [20] ((21)–(22)) repre-
sentation in the denotation of water vapour and 
dry air (23) respectively. The results can be ob-

tained through simple calculations, as depicted in 
Figures 13 and 14. 

 

 

Figure 13 – Theoretical approach for [19] diffusion 
coefficient at 𝜅 = 0.28 delivered by experimental 

date and numerical approximation. 

 

Figure 14 – Theoretical approach for [20] diffusion 
coefficient by effective constituents of dry air (𝛼 =

𝑎) and water vapour (𝛼 = 𝜈) for gas mixture 
components 

 

To compare different theoretical diffusion ap-
proaches, we collect the phenomenological 
graphical relations based on the [19, 20] diffu-
sion models in one graph (Figure 15), as shown 
below. 

 

Figure 15 – Comparison between different theoretical 
phenomenological models for a description of the 

diffusion coefficient into porous media 
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Let's stop on the central relations for averaged 
over the time (Figure 16) and space (Figure 17) 
diffusion coefficient defined by [19], which, due 
to the graphical representation of average over 
time (Figure 8) and coordinate (Figure 9) pore 
saturation by liquid looking as 

 

 

 

Figure 16 – Averaged over time, the theoretical 
diffusion coefficient as a function of time 

 

 

 

Figure 17 – Averaged over coordinate the theoretical 
dіffusion coefficient as a function of coordinate. 

 

 

The picture below does not claim to be complete 
because an empirical relation was used for the 
diffusion coefficient (19), which does not point to 
the natural process of humidity migration into 
porous samples. It was obtained from experi-
mental or numerically simulated data [3], in 
which the assumption of isothermal conditions 
generally have a form depicted in Figures 6 and 7 
for coordinate and time distributions, respective-
ly. This relation can not reflect the distribution of 
the absolute diffusivity value in a porous body 
because it was aligned to known empirical mod-
els for diffusion coefficients, as shown in Figure 
15 in the previous graphs. 

At the end of this section, let's demonstrate (Fig-
ure 18) the average over-height of the sample 
change of relative humidity from drying. 

 

Figure 18 – Change of averaged over the height of 
sample humidity in tine 

 

As a result of extrapolation of essential relation 
𝜂𝐿 = 𝜂𝐿(𝑟̄)[3] (Figure 2, left image) for relative 
changes of pore saturation by liquid from aver-
aged liquid meniscus radios. 

 

Numerical solution of inverse diffusion problem 

Just now is the time to understand the scientific 
material demonstrated above to outline the main 
results of this paper. For this purpose, we 
demonstrate a numerical solution of matrix (24) 
using the numerical data described below in the 
following graphical relation.  

 

 

 

Figure 19 – Solution of the inverse problem for 
diffusion coefficient as a function of height of sample 
into the coordinate greed point at different points of 

time 

 

From the first point of view, it is something in-
comprehensible. A question immediately arises: 
perhaps something is wrong with the selection of 
the coordinate axis? However, look at the graphs 
(Figures 20 and 21) below in a different view ac-
cording to the abscissa.  
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Figure 20 – Solution of the inverse problem for diffu-
sion coefficient as a function of pore saturation by 

liquid of sample at different points of time 

 

 

Figure 21 – Solution of the inverse problem for 
diffusion coefficient as a function of relative humidity 

of the sample at different points in time 

 

It follows from the above groups (Figures 19, 20, 
21) graphical dependencies that local averaged 
[13] mesoscopic properties of porous media are 
unsuitable for describing the diffusion properties 
of a porous sample in macroscopic (15-17) diffu-
sion equations. 

To adequately describe macroscopic diffusivity 
properties of porous media, it must average over 
time or coordinate the shoved below dependen-
cies. Based on known graphs (Figures 19, 20, 21), 
we receive the complete solution of the inverse 
diffusion model in the form. 

The inverse problem (Figures 22 and 23) for 
searching for diffusion coefficient in a humidified 
porous sample can be considered fully resolved. 

 

 

Figure 22 – Averaged over the sample diffusion 
coefficient height as a time function 

 

Figure 23 – Averaged over time of drying diffusion 
coefficient as a function of the height of the sample 

 

CONCLUSIONS 

The main conclusion in this paper can be re-
ceived with an understanding of the proposed 
logical chain. First, we must know or obtain in 
another version the uniqueness of Lets empha-
size that this is not unique and is also an essential 
macroscopic characteristic of a porous body. 
Second, one-dimensional equations due to the 
local averaging method can only be considered in 
terms of relative humidity distribution in porous 
bodies. The input data in resolving inverse diffu-
sion problems (25) can be obtained by concen-
tration profiles (12)-(13), as it is shown in Fig-
ures 11 and 12, respectively. Third, the obtained 
by of the ill-conditioning property of the three-
diagonal matrix (25) distribution of the diffusion 
coefficients through time and coordinate can not 
sense into the macroscopic scale, so only aver-
aged quantities of diffusion coefficients can be 
applied to macroscopic (15-17) diffusion equa-
tions. There is also an exciting effect in the limita-
tion of diffusion coefficient values (Figures 20 
and 21) near small values of liquid saturation, 
which corresponds to the existence of the lover 
limit of humidity into pores due to the starting of 
the adsorption process or existing residual satu-
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ration [1] in the form of adsorbed water. The 
change of sign is not entirely justified in the aver-
aged quantities of diffusion coefficients but may 
correspond to the opposite action of suction and 
gravity effects. With limited access to complete 
experimental data, the averaged results (Figures 

22 and 23) are not as plain as you would like. 
However, this work solves the general problem 
of equalizing a porous body's corresponding in-
put physical characteristics in the diffusion equa-
tions in the first approximation. 
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